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∗
Abstrat
In this paper, we desribe a proedure for onstruting qary [N, 3, N−
2]MDS odes, of length N ≤ q+1 (for q odd) or N ≤ q+2 (for q even),
using a set of nondegenerate Hermitian forms in PG(2, q2).
1 Introdution
The wellknown Singleton bound states that the ardinality M of a ode of
length N with minimum distane d over a qary alphabet always satises
M ≤ qN−d+1; (1)
see [7℄. Codes attaining the bound are alled maximum distane separable odes,
or MDS odes for short.
Interesting families of maximum distane separable odes arise from geo-
metri and ombinatorial objets embedded in a nite projetive spaes. In
partiular linear [N, k,N − k + 1]MDS odes, with k ≥ 3, and Nars in
PG(k − 1, q) are equivalent objets; see [1℄.
A general method for onstruting a qary ode is to take N multivariate
polynomials f1, . . . , fN dened over a suitable subsetW ⊆ GF(q)
n
and onsider
the set C given by
C = {(f1(x), . . . , fN (x))|x ∈ W}.
In this paper, we deal with the ase |W| = qt and also assume that the evaluation
funtion
Θ :
{
W 7→ C
x 7→ (f1(x), f2(x), . . . , fN(x))
is injetive.
∗
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If C attains the Singleton bound then the restritions of all the odewords to
any given t = N − d+ 1 plaes must all be dierent, namely in any t positions
all possible vetors our exatly one. This means that a neessary ondition
for C to be MDS is that any t of the varieties V (fm) for m = 1, . . . , N meet in
exatly one point in W . Here V (f) denotes the algebrai variety assoiated to
f .
Applying the above proedure to a set of nondegenerate Hermitian forms in
PG(2, q2) we onstrut some qary [N, 3, N−2]MDS odes, of length N ≤ q+1
(for q odd) or N ≤ q + 2 (for q even). The odes thus obtained an also be
represented by sets of points in PG(3, q); this representation is used in Setion
4 in order to devise an algebrai deoding proedure, based upon polynomial
fatorisation; see [9℄.
2 Preliminaries
Let A be a set ontaining q elements. For any integer N ≥ 1, the funtion
dH : A
N ×AN 7→ N given by
dH(x,y) = |{i : xi 6= yi}|,
is a metri on AN . This funtion is alled the Hamming distane on AN . A
qary (N,M, d)ode C over the alphabet A is just a olletion of M elements
of AN suh that any two of them are either the same or at Hamming distane at
least d; see [4, 5℄. The elements of C are alled odewords whereas the integers
d and N are respetively the minimum distane and the length of C.
If A = GF (q) and C is a kdimensional vetor subspae of GF (q)N , then
C is said to be a linear [N, k, d]ode. Under several ommuniation models, it
is assumed that a reeived word r should be deoded as the odeword c ∈ C
whih is nearest to r aording to the Hamming distane; this is the soalled
maximum likelihood deoding. Under these assumptions the following theorem,
see [4, 5℄, provides a basi bound on the guaranteed error orretion apability
of a ode.
Theorem 1. If C is a ode of minimum distane d, then C an always either
detet up to d− 1 errors or orret e = ⌊(d− 1)/2⌋ errors.
Observe that the theorem does not state that it is not possible to deode
a word more than e errors happened, but just that in this ase it is possible
that the orretion fails. Managing to reover from more than e errors for some
given reeived odewords is alled orreting beyond the bound.
The weight of an element x ∈ GF (q)N is the number of nonzero omponents
xi of x. For a linear ode the minimum distane d equals the minimum weight
of the nonzero odewords.
The parameters of a ode are not independent; in general it is diult to
determine the maximum number of words a ode of presribed length N and
minimum distane d may ontain.
Observe that, for any arbitrary linear [N, k, d]ode, ondition (1) may be
rewritten as
d ≤ N − k + 1; (2)
thus C is a linear MDS ode if and only if equality holds in (2).
In Setion 3 we shall make extensive use of some nondegenerate Hermitian
forms in PG(2, q2).
Consider the projetive spae PG(d, q2) and let V be the underlying vetor
spae of dimension d+ 1. A sesquilinear Hermitian form is a map
h : V × V −→ GF (q2)
additive in both omponents and satisfying
h(kv, lw) = klqh(v,w)
for all v,w ∈ V and k, l ∈ GF (q2). The form is degenerate if and only if the
subspae {v| h(v,w) = 0 ∀w ∈ V }, the radial of h, is dierent from {0}.
Given a sesquilinear Hermitian form h, the assoiated Hermitian variety H is
the set of all points of PG(d, q2) suh that {< v > |0 6= v ∈ V, h(v,v) = 0}.
The variety H is degenerate if h is degenerate; nondegenerate otherwise. If h
is a sesquilinear Hermitian form in PG(d, q2) then the map F : V −→ GF (q)
dened by
F (v) = h(v,v),
is alled the Hermitian form on V assoiated to h. The Hermitian form F is
nondegenerate if and only if h is nondegenerate. Complete introdutions to
Hermitian forms over nite elds may be found in [2, 6℄.
3 Constrution
Let S be a transversal in GF(q2) of the additive subgroup T0 = {y ∈ GF(q
2) :
T (y) = 0}, where T : y ∈ GF(q2) 7→ yq + y ∈ GF(q) is the trae funtion.
Denote by Λ the subset of GF (q2) satisfying(
α− β
γ − β
)q−1
6= 1 (3)
for any α, β, γ ∈ Λ. Choose a basis B = {1, ε} of GF (q2), regarded as a 2
dimensional vetor spae over GF (q); hene, it is possible to write eah element
α ∈ GF (q2) in omponents α1, α2 ∈ GF(q) with respet to B. We may thus
identify the elements of GF (q2) with the points of AG(2, q), by the bijietion
(x, y) ∈ AG(2, q) 7→ x+ εy ∈ GF (q2).
Condition (3) orresponds to require that Λ, regarded as pointset in AG(2, q),
is an ar. Thus, setting N = |Λ|, we have
N ≤
{
q + 1 for q odd
q + 2 for q even.
(4)
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Now, onsider the nondegenerate Hermitian forms Fλ(X,Y, Z) on GF (q
2)3
Fλ(X,Y, Z) = X
q+1 + Y qZ + Y Zq + λqXqZ + λXZq,
as λ varies in Λ. Label the elements of Λ as λ1, . . . , λN and let Ω = GF (q
2)×S.
Theorem 2. The set
C = {(Fλ1(x, y, 1),Fλ2(x, y, 1), . . . ,FλN (x, y, 1))|(x, y) ∈ Ω}
is a q-ary linear [N, 3, N − 2]MDS ode.
Proof. We rst show that C onsists of q3 tuples fromGF (q). Let (x0, y0), (x1, y1) ∈
Ω and suppose that for any λ ∈ Λ,
Fλ(x0, y0, 1) = Fλ(x1, y1, 1).
Then,
T (λ(x1 − x0)) = x
q+1
0 − x
q+1
1 +T(y0 − y1). (5)
In partiular,
T (λ(x1 − x0)) = T (α(x1 − x0)) = T (γ(x1 − x0)) (6)
for any α, λ, γ ∈ Λ.
If it were x1 6= x0, then (6) would imply(
α− β
γ − β
)q−1
= 1,
ontraditing the assumption made on Λ. Therefore, x1 = x0 and from (5) we
get T (y0 − y1) = 0. Hene, y0 and y1 are in the same oset of T0; by denition
of S, it follows that y0 = y1, thus C has as many tuples as |Ω|.
We are now going to show that C is a vetor subspae of GF(q)N . Take
(x0, y0), (x1, y1) ∈ Ω. For any λ ∈ Λ,
Fλ(x0, y0, 1) + Fλ(x1, y1, 1) = Fλ(x2, y2, 1), (7)
where x2 = x0+x1 and y2 = y0+y1−x
q
0x1−x
q
1x0. Likewise, for any κ ∈ GF(q),
κFλ(x0, y0, 1) = Fλ(x, y, 1), (8)
where x = κx0 and y is a root of
y2 + y = (κ− κ2)xq+10 + κ(y
q
0 + y0).
Therefore, C is a vetor subspae of GF(q)N ; as it onsists of q3 tuples, C is
indeed a 3dimensional vetor spae.
Finally we prove that the minimum distane d of C is N − 2. Sine C is a
vetor subspae of GF(q)N , its minimum distane is N − z, where
z = max
c∈C
c6=0
|{i : ci = 0}|.
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First observe that z ≥ 2 beause of Singleton bound (2). In order to show that
z = 2 we study the following system
Fα(x, y, 1) = 0
Fβ(x, y, 1) = 0
Fγ(x, y, 1) = 0
(9)
for α, β, γ distint elements of Λ. Set U = xq+1 + yq + y, V = xq and W = x;
then, (9) beomes 
U + αqV + αW = 0
U + βqV + βW = 0
U + γqV + γW = 0
(10)
Sine
(
α−β
γ−β
)
6= 1, the only solution of (10) is U = V =W = 0, that is x = 0 and
y+yq = 0. In partiular, there is just one solution to (9) in Ω, that is x = (0, 0).
This implies that a odeword whih has at least three zero omponents is the
zero vetor, hene z = 2 and thus the minimum distane of C is N − 2.
Example. When q is odd, a transversal S for T0 is always given by the
subeld GF(q) embedded in GF(q2). In this ase it is then extremely simple
to onstrut the ode. For q = 5, a omputation using GAP [3℄, shows that in
order for Λ to satisfy property (3), we may take Λ = {ε3, ε4, ε8, ε15, ε16, ε20},
where ε is a root of the polynomial X2 −X + 2, irreduible over GF (5). The
orresponding Hermitian forms are
Xq+1 + Y qZ + yZq + ε15XqZ + ε3XZq
Xq+1 + Y qZ + Y Zq + ε20XqZ + ε4XZq
Xq+1 + Y qZ + Y Zq + ε16XqZ + ε8XZq
Xq+1 + Y qZ + Y Zq + ε3XqZ + ε15XZq
Xq+1 + Y qZ + Y Zq + ε8XqZ + ε16XZq
Xq+1 + Y qZ + Y Zq + ε4XqZ + ε20XZq
A generator matrix for the [6, 3, 4]MDS ode obtained applying Theorem 2 to
these Hermitian forms is,
G =
1 1 1 1 1 10 1 0 2 1 2
0 0 1 2 2 1

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Remark 1. In PG(2, q2), take the line ℓ∞ : Z = 0 as the line at innity. Then,
in the ane spae AG(2, q2) = PG(2, q2)\ ℓ∞, any two Hermitian urves V (Fλ)
have q2 ane points in ommon, q of whih in Ω ⊂ AG(2, q2). Likewise, the
full intersetion ⋂
λ∈Λ
V (Fλ)
onsists of the q ane points {(0, y)|yq + y = 0}, orresponding to just a single
point in Ω.
Remark 2. Denote by Ai the number of words in C of weight i. Sine C is an
MDS ode, we have
Ai =
(
N
i
)
(q − 1)
i−N+2∑
j=0
(−1)j
(
i− 1
j
)
qi−j−N+2;
see [8℄. Thus,
AN−2 =
1
2 (N
2 −N)(q − 1)
AN−1 = Nq
2 − (N2 −N)q +N2 − 2N
AN = q
3 −Nq2 + 12
(
(N2 −N)q −N2 + 3N
)
.
4 Deoding
In this setion it will be shown how the ode C we onstruted may be deoded
by geometri means.
Our approah is based upon two remarks:
1. Any reeived word r = (r1, . . . , rN ) an be uniquely represented by a set r˜ of
N points of PG(3, q)
r˜ = {(λ1i , λ
2
i , ri, 1) : λ = λ
1
i + ελ
2
i ∈ Λ}.
These points all lie on the one Ψ of basis
Ξ = {(λ1i , λ
2
i , 0, 1) : λ = λ
1
i + ελ
2
i ∈ Λ}
and vertex Z∞ = (0, 0, 1, 0).
2. The funtion
φ(a,b)(x, y, z, t) =
(
aq+1 +T(b)
)
t+T((x + εy)a)
is a homogeneous linear form dened over GF(q)4 for any a, b ∈ GF(q2).
Reall that the odeword c orresponding to a given (a, b) ∈ Ω is
c =
(
φ(a,b)(λ
1
1, λ
2
1, 0, 1), φ(a,b)(λ
1
2, λ
2
2, 0, 1), . . . , φ(a,b)(λ
1
N , λ
2
N , 0, 1)
)
;
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thus, c˜, the set ontaining the points (λ1i , λ
2
i , ci, 1), is the full intersetion of the
plane πa,b : z = φ(a,b)(x, y, z, t) with the one Ψ.
It is lear that knowledge of the plane π(a,b) is enough to reonstrut the
odeword c. In the presene of errors, we are looking for the nearest odeword
c to a vetor r; this is the same as to determine the plane π(a,b) ontaining
most of the points of r˜. In order to obtain suh a plane, we adopt the following
approah. Assume ℓ to be a line of the plane π0,0 : z = 0 external to Ξ and
denote by π∞ the plane at innity of equation t = 0. For any P ∈ ℓ, let r˜
P
be the projetion from P of the set r˜ on π∞. Write L
P
r
for a urve of π∞ of
minimum degree ontaining r˜P . Observe that degLP
r
≤ q + 1 and degLP
r
= 1
if, and only if, all the points of r˜ lie on a same plane through P , that is r˜
orresponds to a odeword assoiated with that plane passing through P .
We now an apply the following algorithm using, for example, [3℄.
1. Take P ∈ ℓ;
2. Determine the projetion rP and ompute the urve LP
r
;
3. Fator LP
r
into irreduible fators, say L1,L2, . . . ,Lv;
4. Count the number of points in r˜P ∩ V (Li) for any fator Li of L
P
r
with
degLi = 1.
5. If for some i we have ni >
N+1
2 , then return the plane spawned by P and
two points of Li; else, as long as not all the points of ℓ have been onsidered,
return to point 1.
6. If no urve with the required property has been found, return failure.
Remark 3. The ondition on ni in point 5 heks if the plane ontains more than
half of the points orresponding to the reeived word r; when this is the ase, a
putative odeword c is onstruted, with d(c, r) ≤ N−32 ; thus, when c ∈ C, then
it is indeed the unique word of C at minimum distane from r. However, the
aforementioned algorithm may be altered in several ways, in order to be able to
try to orret errors beyond the bound; possible approahes are
1. iterate the proedure for all the points on ℓ and return the planes ontain-
ing most of the points orresponding to the reeived vetor;
2. use some further properties of the one Ψ; in partiular, when Ξ is a oni
it seems possible to improve the deoding by onsidering also the quadrati
omponents of the urve LP
r
.
Remark 4. The hoie of P on a line ℓ is due to the fat that any line of π0,0
meets all the planes of PG(3, q). In general, we might have hosen ℓ to be just a
bloking set disjoint from Ξ. Observe that when q is odd and |Λ| = q + 1, then
the line ℓ is just an external line to a oni of π0,0.
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